DOUBLE ORE EXTENSIONS 
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Abstract. A double Ore extension is a natural generalization of the Ore 
extension. We prove that a connected graded double Ore extension of an Artin- 
Schelter regular algebra is Artin-Schelter regular. Some other basic properties 
such as the determinant of the DE-data are studied. Using the double Ore 
extension, we construct 26 families of Artin-Schelter regular algebras of global 
dimension four in a sequel paper. 



0. Introduction 

In 1933 Ore introduced and studied a version of noncommutative polynomial ring 
[Orj which has become one of most basic and useful constructions in ring theory. 
Such a polynomial ring is now called Ore extension |MR1 p. 37]. Given an algebra 
A, an algebra automorphism a of A and a cr-derivation S of A, the Ore extension 
of A associated to (ct, 6) is obtained by adding a single generator y to A subject to 
the relation 

yr = <j{r)y + 5(r) 

for all r ^ A. This Ore extension of A is denoted by A[y\a,S\. In this paper we 
introduce a new construction that is obtained by adding two generators yi and 
2/2 simultaneously to A. This construction is a natural generalization of the Ore 
extension; and for this reason, it is called a double Ore extension or just double 
extension for short. Note that a double extension is usually different from an 
iterated Ore extension that is obtained by forming the Ore extension twice (see the 
algebra in Example 14.21 and Proposition lO.sr c)). A double extension of A is denoted 
by Ap[yi,y2] u, (5, r] and the meanings of DE-data {P, cr, (5, r} will be explained soon. 
Some ideas related to double extensions were used by Patrick [Paj and Nyman |Ny| , 
however, we have not found any literature devoted to a systematic study of this 
construction. Our main interest on double extension is to construct more Artin- 
Schelter regular algebras of global dimension four [ZZ] . The double extension seems 
quite similar to the Ore extension. So we wish to extend some basic properties of 
Ore extensions to double extensions.. Surprisingly, many techniques used for Ore 
extensions are invalid for double extensions. For example, we have not been able 
to prove that a double extension of a noetherian ring is noetherian. Many new 
and complicated constraints have to be posted in constructing a double extension. 
General ring-theoretic properties of double extensions are not known (see questions 
in Section 4). 

The motivation for this paper is to construct new Artin-Schelter regular alge- 
bras. It is very important in noncommutative algebraic geometry to classify all 
Artin-Schelter regular algebras of global dimension four that are the homogeneous 
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coordinate rings of noncommutative projective 3-spaces. There has been extensive 
research in this topic; and many non-isomorphic famiUes of regular algebras have 
been discovered in recent years [LP WZl [SkTl ISkl [SSl IWTl IVV2l IVVWl IVaTl IVa2] . 
In a sequel paper [ZZ| we use the double extension to construct 26 families of 
Artin-Schelter regular algebras of dimension four. One of the main results in |ZZ] 
is 

Theorem 0.1. jZZ|, Theorem 0.1(a)] Let B he an Artin-Schelter regular domain of 
global dimension four that is generated by four elements of degree 1. If B is a double 
extension, then it is strongly noetherian, Auslander regular and Cohen- Macaulay. 

In this paper we study some basic ring-theoretic and homological properties of 
double extensions so we can focus on the other issues such as classification in the 
sequel |ZZ| . As mentioned earlier double extensions seem much more difficult to 
study than Ore extensions. One result we can prove is the following. 

Theorem 0.2. Let A he an Artin-Schelter regular algebra. If B is a connected 
graded double extension of A, then B is Artin-Schelter regular and gldimS = 
gldimA + 2. 

To get a further idea about a double extension, let us explain the associated DE- 
data {P, (J, 5, r}. Let a be an algebra homomorphism A M2{A) where M2{A) is 
the 2 X 2-matrix algebra over A and let 5 be a a-derivation from A A®'^, where 
A®^ is the 2 X 1-matrix over A, satisfying 

S{rs) = a{r)d{s) + 6{r)s 

for all r,s ^ A. The multiplication a{r)S{s) makes sense because A®^ is a left 
iV/2 (^)-module. Two extra generators yi and 7/2 satisfies a "quadratic" relation 

2/2^1 = Pi2yiy2 + Piivl + TiJ/i + r2?;2 + To 

where pi2,pii £ k and ti,T2,to G A. We call P := {pi2,pii\ the parameter and 
T := {ti, T2, To} the tail. There are other conditions relating yi,y2 with {P, a, d, t}. 
For example, we need 

for all r G j4. A complete description of a double extension is given from Definition 
ll.3l to Convention ! 1.61 A shorter and more abstract definition of a connected graded 
double extension is given in [ZZ', Definition 1.1 and Lemma 1.4]. 

As a consequence of Definition 1 1.31 we have that pi2 ^ and that ct is invertible 
in the sense of Definition ll.8l (note that the map a can not be invertible in the usual 
sense because it is not surjective). Without these extra conditions, Ap[yi,y2] a, S, t] 
is called a right double extension. When t and S are zero, the (right) double 
extension is denoted by Ap[yi,y2;cr]. 

The DE-data are useful; for example, we can define the determinant of a which 
plays an essential role in proving Theorem 10.21 Let B = Ap[yi,y2;a;5,T] be a 
(right) double extension. The determinant of a is defined to be 

deter : r -piio-i2(o-ii(r)) + cr22(o-ii(r)) -pi20-i2(o'2i(?')) 

for all r E A, where a(r) = | ^^1''! '^^^i^l]- This formula reminds us the 

\'^2i{r) (722 (r)y 

quantum determinant of a quantum 2 x 2-matrix; and when P — (1,0) it becomes 

det a = (T22 o CTii — (T12 o (T21 
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which agrees with the usual determinant in Unear algebra (but deter ^ (J\\o 022 — 
C12 o (T21 in general). The following result characterizes the invertibility of a. 

Proposition 0.3 fProposition 12. ip . Let B = Ap[yi,y2; a-, S,t] be a right double 
extension. 

(a) deter is an algebra endomorphism of A. 

(b) Suppose that pi2 7^ and that B is a connected graded right double exten- 
sion. Then det a is invertible if and only if a is invertible in the sense of 
Definition [77 



The determinant det a can also be recovered by the cohomology. 

Theorem 0.4 (Theorem 12. 2p . Let B — Ap[yi,y2]cr\ be a double extension. Iden- 
tifying A with the factor ring B/(yi,y2). Then 

{det a A — 9 


where the left and right A-actions on the A-bimodule '^'^^'^A is defined by 

I -if a* r — (det a(l))ar 

for all l,a,r G A. 

Since the double extension is a new construction we feel that it is worth to study 
some simple examples in some details. Let h he a, nonzero scalar in k and let B(h) 
be the algebra generated by four degree 1 elements xi,X2,yi, 2/2 and subject to the 
six quadratic relations 



X2XI 


= -X1X2, 




y2yi 






yixi 


= hxiyi + 


hx2yi + hxiy2, 


yiX2 


= hxiy2, 




y2Xi 


= hx2yi, 




y2X2 


= ~hx2yi 


- hxiy2 + hx2y2 



Proposition 0.5. Let Bih) be the algebra defined as above. 

(a) B{h) is a double extension Ap[yi,y2', c] where A = k(xi, X2) /{xiX2 + X2X1) 
and P ^ (-1,0). 

(b) It is an Artin-Schelter regular, Auslander regular, Cohen- Macaulay, Koszul 
and strongly noetherian domain. 

(c) It is neither an Ore extension nor a normal extension of a 3-dimensional 
Artin-Schelter regular algebra. 

(d) B{h) is PI if and only if h is a root of unity if and only if the automorphism 
det (T has finite order. 

(e) The quotient division ring of B{h) is generated by two elements. 

Other properties of B{h) can be found in Section 4. 

Here is an outline of the paper. We give the definition and some remarks in 
Section 1. The proofs of Proposition 10.31 and Theorem 10.41 (depending on a lot of 
computation) are given in Section 2. The proof of Theorem 10.21 is given in Section 
3. We like to remark that Theorem 10.41 is a key step for the proof of Theorem 10.21 
Section 4 contains some examples and some basic questions. 
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A multi-variable version of the double extension can be defined similar to Def- 
inition 11.31 We expect that multi- variable extensions are useful for constructing 
higher dimensional Artin-Schelter regular algebras. 

1. Definitions 

Throughout fc is a commutative base field. For convenience we also assume that 
k is algebraically closed. Everything is over fc; in particular, an algebra or a ring is 
a fc-algebra. Here is the definition of the original Ore extension. 

Definition 1.1. Let A be an algebra with automorphism a. Let She a cr-derivation 
that satisfies 

Siab) = a{a)S{b) + S{a)b 

for all a,b (z A. The Ore extension of A associated with data {cr, 6} is a ring B, 
containing yl as a subring, generated by elements in A and a new variable y and 
subject to the relation 

(El.l.f) ya = a{a)y + 5{a) 

for all a ^ A. The Ore extension ring B is denoted by A[y; a, S]. 

Remark 1.2. The relation (jEl.l.ip is different from the one in the definition 
of the Ore extension given in jMRl, p. 15]. In fact the Ore extension ^[j/;^, (5] in 
Definition 11.11 is isomorphic to the Ore extension A[y;(T',S'] of |MR1 p. 15] with 
{<j',5') = {(T^^ , —Sa~^). Therefore two definitions are equivalent. The reason we 
choose (IE1.1.1[) instead of the one in JMR, Chapter 1] is that a formula similar to 
(|E1.1.1|) . namely (IR2|) . is more natural when we apply Bergman's diamond lemma 
in the double extension case. 

We refer to |MR[ Chapter 1] for some basic properties of Ore extensions. One 
way to characterize Ore extensions is that A[y;a, S] is isomorphic to free modules 
0„>qv4?/" and 0„>oy"^ as left and right A-modules respectively. We use this 
characterization to give an "abstract" definition of double extension without using 
a and S. Since our main interest is about connected graded rings, we will restrict 
our attention to the graded case in later sections. 

Definition 1.3. Let A be an algebra and B be another algebra containing A as a 
subring. 

(a) We say i? is a right double extension of A if the following conditions hold: 
(ai) B is generated by A and two new variables yi and y2- 

(aii) {1/1,2/2} satisfies a relation 

(Rl) y2yi = Pi2yiy2 + piwl + nyi + T2y2 + tq 

where pi2,Pii S k and ti,T2,tq G A. 
(aiii) As a left yl-module, B = J2ni n2>o ^2/1^2^2^ ^^'^ ^ ^"^^^ ^" 

module with a basis {y"^?;2^ \ ni > 0,n2 > 0}. 
(aiv) yiA + y2A C Ayi + Ay2 + A 

In the graded case it is required that all relations of B are homogeneous 
with assignment degj/i > and degy2 > 0. Let P denote the set of scalar 
parameters {pi2,pii} and let r denote the set {ti,T2,tq}. We call P the 
parameter and r the tail. 

(b) We say i? is a left double extension of A if the following conditions hold: 
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(bi) B is generated by A and two variables yi and 2/2- 
(bii) {2/1,2/2} satisfies 

(LI) yiy2 = pi22/22/i +p'iiyi + vi^'i + y2T2 + 

where p'i2,p'ii G ^ and t{, T2, Tq e ^. 
(biii) As a right A-module, -B = rt2>o 2/2 ^2/"^^ and it is a right free 

A- module with a basis {2/2 'j/^ I "-1 > 0, 712 > 0}. 
(biv) A2/1 + ^2/2^ C 2/1^ + 2/2^ + ^• 
(c) We say i? is a double extension if it is a left and a right double extension of 
A with the same generating set {2/1, 2/2}- 

We admit that our definition of a double extension is neither most general nor 
ideal, but it works very well in ZZ where we only consider connected graded regular 
algebras generated in degree 1. Hopefully an improvement of the definition will be 
found when we study other classes of noncommutative rings. 

Remark 1.4. (a) In many examples presented in later sections, both A and B 
are connected graded and deg2/i = deg2/2 = 1- 

(b) Up to a linear transformation of the vector space kyi + ky2 , the parameter 
set {pi2,Pii} can be assumed to be one of the following: {0, 0}, {1, 1} and 
{p, 0} for some p ^ 0. Such a linear transformation does not affect the 
definition of a right double extension. 

(c) The relation (Rl) could be made as general as 

(Rl') p222/^ +P212/22/1 +P122/12/2 +P112/1 = Tiyi +T22/2 + T-0. 

Assume P22P11 — P12P21 7^ 0. After a linear transformation, we may assume 
that {p22,P2i,Pi2,Pii} is either {0, l,pi2,0} or {0,1,-1,-1}. Therefore 
the equation (Rl') under the condition P22P11 — P12P21 ^ is equivalent to 
the equation (Rl) under the condition pi2 7^ 0. 

(d) If S is a right double extension as in Definition ILSf a). we do not require 
that pi2 7^ 0. If _B is a double extension of A, then, by comparing (Rl) with 
(LI), P12P12 = 1 and hence 2512 7^ 0. 

(e) If B is a double extension, then Ayi + Ay2 + A — yiA + 2/2^ + A and it is 
a free A-module of rank 3 on both sides. 

We recall a basic property of an Ore extension which indicates that the condition 
in Definition 1 1 . 3f aiii) is reasonable. 

Lemma 1.5. Let B = A[yi; ci, 61] be an Ore extension of A and C ~ B[y2] (72, S2] 
be an Ore extension of B. 

(a) B is a free left A-module with a basis {2/1 }n>o- 

(b) C is a free left A-module with a basis {2/1 ^2/2^}r^l,n2>o• 
The ring C = (^[2/1; ci, (5i])[2/2; cr2, (52] in the above lemma is called an iterated 

Ore extension of A. In general C is not a (right) double extension in the sense 
of Definition ILSf a) because C might not have a relation of the form (|Rip . If 
(72 is chosen properly so that (Rl) holds for C, then C becomes a (right) double 
extension. So many double extensions are iterated Ore extensions and vice versa. 

For our computation it is more useful to have an explicit description than an 
abstract definition. We rewrite the condition in Definition II .Sr aiv) as follows: 

(R2) ( yA r := ( y^') = M + f 

\V2j \y2rj \(T2i{r) CT22(r)y \y2j \02[r)J 
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for all r G A. 

Write cr(r) = T '^^^l) and S(r) = | '^^^''M . Then cr is a /c-linear map 

from to M2{A) where M2{A) is the 2 x 2-matrix algebra over A; and (5 is a fc- 

.A, 



linear map from A to the column A-module A®^ :— ( ^ ) • The equation (R2) can 



be written as 



This equation is a generalization of (jEl.l.ip . Suppose a : A M2{A) is an 
algebra homomorphism, namely, a{rs) = a{r)a{s) for all r, s G A. A fc-linear map 
6 : A A®'^ is called a a -derivation if 



(5(rs) = cr(r)(5(s) + S{r)s 



for all r, s G A. 



Convention 1.6. (a) By (R2), a and (5 are uniquely determined and ct is a 
fc-linear map from A to M2{A) and (5 is a fc-linear map from A to A®'^. 
Together with Definition II. Sf a). all symbols of {P, a, S, r} are defined now. 
When everything is understood, a right double extension or a double ex- 
tension B is also denoted by [j/i , ?/2 ; f, 5, r] . By this notation, we are 
working with a right double extension though B can be also a (left) double 
extension. 

(b) By the next lemma, when B = Ap[yi, 1/2', cr,d^ r] is a right double extension, 
then cr is an algebra homomorphism and d a cr-derivation. Recall from 
Definition ll.gf a) P is called a parameter and r is called a tail. We now call 
a a homomorphism, d a derivation and the collection {P, a, 5, r} DE-data 
of A. 

(c) If 5 is a zero map and r consists of zero elements, then the right double 
extension is denoted by Ap [yi , 1/2 ; c] . We call Ap [j/i , ?;2 ; cr] a trimmed ( right ) 
double extension. 

Lemma 1.7. Let B = Ap [j/i , ^2 ; cr, 5, r] he a right double extension of A. Suppose 
that {cr,S} are defined by (R2). Then the following hold. 

(a) a is an algebra homomorphism A — > M2{A). 

(b) (5 : A — > A®^ is a a -derivation. 

(c) If a : A ^ M2{A) is an algebra homomorphism and S : A ^ A®'^ is a 
a-derivation, then (R2) holds for all elements r G A if and only if it holds 
for a set of generators. 



Proof. (a,b) By (R2) we have 



Using associativity we can also express {^j (^■5) 

((^^) r)s = (a(r) (^^^^ + 5{r))s ^ a{r)a{s) {^^^ + {a{r)5{s) + 5{r)s). 
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By Definition ll.3f aiii) Ayi + Ay2 + A is a free module Ayi © Ay2 © A witli a basis 
{yi,y2,l}- The assertions follow by comparing the coefficients in two different 

expressions of ( ) (rs). 



(c) Suppose (R2) holds for a set of generators of A. Let S be the set of elements 
in A such that (R2) holds. Then S" is a fc-linear subspace of A closed under multipli- 
cation by the facts that a is an algebra homomorphism and that J is a u-derivation. 
So = A since S contains a set of generators of A. □ 

A trivial example of a (right) double extension is when A = k. A right double 
extension of k, denoted by B, is isomorphic to ri2>o^2^"^2/2^ ^ ^ fc-vector 
space. It is isomorphic to the algebra k{yi,y2)/{r) where r is the relation 

2/22/1 = P122/12/2 + Piivl + flij/i + 022/2 + 03 
for some Pi2,Pii, ai, 02, 03 G k. We can easily find out the associated DE-data. 

The homomorphism a is the "identity" ( ^f*^ ); the derivation S is zero; the 

\ U IdkJ 

parameter P is {pi2,Pii}; the tail r is {01,02,03}. If pi2 7^ 0, i? is a double 
extension. If pi2 = 0, then B is not a double extension since B is not a left double 
extension with respect to the generating set {2/1,2/2}- However, i? is a left double 
extension with respect to a different generating set {1/^,2/2} = {2/2 " Pii2/i: 2/i}- 
Some non-trivial examples are given in Section 4. 

Another way of writing (R2) is the following. Let yo = 1 and (yao{r) = r and 
fio = <5i for i — 1,2. Then (R2) is equivalent to 

^Tooir) \ /yo\ /yo\ fvo^ 

(R2') I yi I r = ( crio(r) crii(r) (Ti2(r) 2/1 or 2/i r = a(r) yi 
V0-2o(r) a2i{r) <J22{r) / \2/2/ \2/2/ \2/2y 

/aoo(r) 
where (T(r) = o'iQ{r) crii(?') cri2('') | ■ Similar to Lemma 11.71 one can easily 

\(J2o{r) a-2i{r) CF22{r)j 
show that a : A —>■ M^IA) is an algebra homomorphism. 

The homomorphism a is not surjective, so it can not be invertible in the usually 
sense. Recall in the classical Ore extension case that a is invertible if and only if 
(jEl.l.l|l can be written as 

xa — a'(a)x + S'{a) 

for all a £ A; and a' is the inverse of a. We use this idea to define invertibility of 
a in the right double extension case. 

Definition 1.8. Let a : A M2{A) be an algebra homomorphism. We say a 
is invertible if there is an algebra homomorphism d> ~ I "^^^ '^^^ I : A — > M2(A) 

V'?'21 022/ 

satisfies the following conditions: 

2 I' . . 2 

V (t>jkicr^kir)) ^ \ and V cr/cj(0fc»(r)) 

for all r e A; or equivalently, 

f 011 4'12\ ^ f CTll a2l\ ^ / CTll Cr2l\ ^ f 011 012A ^ f IdA ^ 
\021 0227 \0'12 Cr22y \Cr12 CT22y V021 (^22 ) \^ IdA^ 
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where • is the muhiphcation of the matrix algebra A/2(Endfc(A)). The muhiph- 
cation of Endfc(yl) is the composition of fc-hnear maps. The map (j) is caUed the 
inverse of a. 

Lemma 1.9. Let B = Ap[yi^y2',iy,5,T\ he a right double extension. Then a is 
invertible if and only if Ayi + Ay2 + A — yiA + y2A + A and it is a free A-module 
with basis {l,yi,y2} on both sides. 

As a consequence, if B is a double extension, then a is invertible. 

Proof. Let <^ = ( '^A be the inverse of a defined in Definition 11.81 Then it 

\<P21 922 J 

follows from (R2) and the definition of that, for every r e A, 

""•'"'tew tM^-^"''y^-Wr). 

where 

5'i(r) = -,5i(0n(r))-<52(02i(r)) 

<5i(r) = -<5i(0i2(r))-<52(022(r)). 
Or, after rearranging the terms, 

(Ei.9.1) <y^^y^) = iy^^y^){Zt\ tlt^)) + 

By using (|E1.9.1|) . we see that Ayi+Ay2 + A C yiA + y2A + A and by (R2), we have 
yiA + y2A + AC Ayi + Ay2 + A. Thus Aj/i+Ay2 + ^ = 2/i^ + y2^ + ^- Following by 
the definition of right double extension, Ayi + Ay2 + A is a free left A-module with 
basis {1, 2/1,2/2}, whence it is of rank 3. It remains to show that yiA + y2A + A is a 
free right A-module with basis {1, j/i, 2/2}- Suppose on the contrary that {1,2/1,2/2} 
is not an A-basis. Then there are elements {a, b, c} of A, not all zero, such that 
2/ia + y2b + c = 0. By using (R2), we have 

Via + 2/2& + c = [(Til (a) + cr2i{b)]yi + [cri2(a) -|- CT22(&)]2/2 + [Siia) + (52(6) + c]. 

Since Ayi + Ay 2 + A is free, we have 

o'ii(a) + cr2i{b) — (112(0) -l- (122(6) — 6i{a) + (52(6) + c — 0. 

By the definition of (j), we have 

2 2 
= ^ (/>ifc(cr2fe(6)) = ^ '/'ifc(-(Tifc(a)) = -a 

k=l k=l 

and 

2 2 
= ^ (f>2k{o-ik{a)) = ^ 4'2k{-o-2k{b)) = -6. 

k=l k=l 

Since a = 6 = 0, we also have c = yia + y2b + c — 0. This yields a contradiction. 
Therefore yiA + 2/2A -I- A is a free right A-module with basis {1, 2/1, 2/2}- 

For the converse implication we note that every element ryi can be expressed 
uniquely as 2/i(/'ii('') + 2/2'/'2i('') +5i('') some (jyiiii"), 4>2i{r), (5,'(r) in A. Using this 
we can define (j). One can check that (j) is the inverse of a. 

The consequence follows from the main assertion and Remark 1 1.4f e). □ 
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As a consequence of Lemma ll.Ql the invertibility of a is independent of the choice 
of the DE-data {P, cr, 5, r}. 

We conjecture that if a is invertible, then B is also a free right A-module with ba- 
sis {2/"^y2^}ni,n2>o- If further pi2 ^ 0, we conjecture that _B is a double extension. 
This is true in the graded case (see Proposition II. 13p . 

Next we will list the relations that come from commuting r A with (Rl). The 
collection of the following six relations is called (R3) for short. Recall that aio = 5i. 

Relations (R3) 

(R3.1) 

CT2l(a-ll(r)) +PllCr22(CTll(r)) 

= Pii(^ii[cii{r)) + p\i(Ti2{(^ii[r)) +Pi20'ii(cr2i(r)) + PiiPi2cri2{(^2i{r)) 

(R3.2) 

<72l{<yi2{r)) + Pl2<y22{<7ll{r)) 

= P\\(y\\{<J\2{r)) + PllPl20-12(0'll(?')) + P\2(y\\{<J22{r)) + p\2(y\2{(y2\{r)) 

(R3.3) 

0-22(0-12(?')) 

= Pl\0\2{<yi2{r)) + Pl2Cri2(0'22(»')) 

(R3.4) 

o-2o(o-ii(»')) + <^2\{<y\n{r)) + Ti(722(o-ii(r)) 

= Pii[o-io(o-ii('')) + a-ii(o-io('')) + TiCTi2(crii(r))] 

+ Pl2[o-lo(CT2l(i)) + CTll(cr2o(r)) + Ti(Ti2(CT2l(r))] -t-riCTii(r) +T2<T2l(r) 

(R3.5) 

02<d{oi2{r)) + (y22{<Jxa{r)) + T2 0-22 (cri !(?-)) 

^ P\\{<J\a{(y\2{r)) + cri2(crio(r)) + T2cri2(crii(r))] 

+ Pl2[o'lo(cr22(?')) + 0-12(o'2o(»')) + T2CT12 (cr21 (r) )] +Ti(Ti2(r) +r2Cr22(r) 

(R3.6) 

0-2o(a-lo('')) + ToCr22(CTll(?')) 

= Pii[o-io(o-io('')) + T<dO\2{<y\\{r))\ 

+ P12[0'10(0-20(^)) + TotTl2 (0-21 (?■))] +Tia'lo('') +T2fT2o(?') + Tpr. 

Note that the relations in (R3) are constraints between P, cr, 5, and r. In other 
words, to form a right double extension, the DE-data {P, a, 5, r} must satisfies (R3) 
(as we know by Lemma 11.71 that a must be an algebra homomorphism and that 8 
must be a a-derivation). 
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By using (R2) we can express an element of the form yiyjr as a sum of the forms 
r'yi'Hj' and r"yiii. Combining with relation (Rl), there are two different ways of 
expressing y2yir. One way is first to write 2/22/1 as sum of other elements by (Rl), 
then to use (R2). This means we resolve (?/22/i) first in y2yi'r. The other way is to 
use (R2) to move yi and then j/2 to the right-hand side of r, then to simplify the 
expression by using all possible relations including (R2). In other words, we resolve 
the part (j/ir) first in y2yir. The process of writing yty^r as a sum of the forms 
f'yi'Dj' a-iid """"yi" is called resolving. In general if r, j/i,?/2 are elements in a ring, 
two different ways of resolving y2yir could get two different expressions. 

Lemma 1.10. Assume (R2') and (Rl) and aio — Si for i = 1,2. 

(a) // we first move yj from the left-hand side of r to the right-hand .side of r 
and then move yi, we have 

yiiyjr) =[cr.a(CTji(r)) + pii(J,2{<Jji{r))]yj 

+ (yi2{oj2{r))yl 

+ [fyii{(^j2{r)) +Pi2CTi2(CTji(r))]yi2/2 

+ [o-ffl(o-ji(r)) + (Ta(o-jo(r)) + TiCTi2{cTji{r))]yi 

+ [<yio{<yj2{r)) + (Ji2['7jo[r)) + T2(7i2{(7ji{r))\y2 

+ [(Tio{(T jo{r)) + ro(Ti2(CTji(r))]. 

(b) Suppose B = Ap[yi,y2',<J,5,T] is a right double extension. Then six rela- 
tions (R3.1)-(R3.6) hold for the DE-data. 

(c) The six relations in (R3) hold if and only if the resulting elements of y2yir 
obtained from resolving {y2yi)f and from resolving 2/2(2/1'") are the same. 

(d) If 5 = and t — 0, then the relations (R3.4)-(R3.6) become trivial and the 
relation (R3.1)-(R3.3) remain unchanged. 

Proof. The proof is based on direct computations, 
(a) We use the relation (IR2p : 

Vjr = crji(r)2/i + (Tj2(r)y2 + crjo(r) 

for j 1, 2 and all r e A. Then 

(El. 10.1) y^{y3r) = {yi'^ji{r))yi + {yi<Jj2{r))y2 + {yiajo(r)). 

For each yiajs{r) we use relation (|R2|) to have 

yi<Jjs{r) = <7ii{ajs{r))yi + (7i2{<Jjs{r))y2 + (Tio{ajs{r)). 
Input this formula for s = 1, 2 and into equation (jEl.lO.ip . we obtain 
yiiyjr) = [(Jii{(Tji{r))yi + (Ti2{(Tji{r))y2 + aio{aji{r))]yi 
+ Wti{<Jj2{r))yi + (J'i.2((Jj2(r))y2 + (J'M{(Jj2(r))]y2 
+ [a.a{ajo{r))yi + ai2{crjo{r))y2 + aM{ajo{r))] 

Then simplify this expression and use the relation (|Rip to obtain the desired for- 
mula. 

(b,c) By associativity (2/22/1)?' = y2{yif). Hence there are two ways to resolve 
2/22/1'' into a linear combination of lower terms if we define deg2/2 > deg2/i > degr 
for all r G A. The first way is to use (Rl) to commute 2/2 with 2/1 then use (R2). 
The second way is to use (R2) to commute 2/1 with r first. 
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Starting with the relation (IRip : 

2/22/1 = Pi2yiV2 + Piivl + nyi + T2?/2 + To := T 

and for every r d A, we have {y2yi)f = Tr and use the formula proved in part (a) 
to move r from right to left by "commuting" r with j/ij/j and yi. Hence 



= Pi2{yiy2r) +Pii{ylr) + Ti(yir) + T2{y2r) + Tor 
= Pi2{[o-ii{o-2i{r)) + Pii(Ji2{a-2i{r))]yl 
+ <Ji2{<J22{r))yi 

+ [cr 11 ((722 (r)) +Pl20-i2(cr2l(r))]2/iJ/2 

+ [o-io(o-2i(?')) + crii(CT2o(r-)) + Tiai2{a2i{r))]yi 

+ [o-lo(o-22(?')) + Cri2(a'20('')) + T2Cri2 (cr21 (?'))]2/2 

+ [o-io(o'2o(^)) + TQai2{(J2i{r))]} 
+ Pii{[a-iii<7ii{r)) +Piicri2(o'ii(r))]2/i 

+ 0-i2(cri2(r))2/2 

+ [o-ii(cri2(r)) +Pi20-i2(crii(r))]?/iy2 

+ [o'io(o-ii(f')) + o-ii(o-io('')) + Tiai2{aii{r))]yi 

+ [O'lo(o-12(?')) + cri2(a'lo('')) + T2Cri2(cril(r))]y2 
+ [crio{o-io{r)) + Tocri2((Tii(r))]} 
+ Ti{aii{r)yi + ai2{r)y2 + o-io(r)) 

+ T2{(T2l{r)yi + (T22{r)y2 + 0'2o(?')) 

+ Tor. 



If using the second way by working out yir first, we obtain 



+ (722(^12 (r-))y2 

+ [o"2i(o-i2(r)) +Pi2cr22(o-ii(r))]t/iy2 

+ [o-20(o-ll(r)) + Cr2l(o-lo(r)) + Ti(T22(0-ll(r))]yi 

+ [o'2o(o-i2(r)) + cr22(crio(r)) + T2(T22(o-ii(r))]y2 
+ [o-2o(o-lo(r)) + Tocr22(o'ii(r))]. 



Comparing the coefficients of 2/i7 2/12/2, 2/1 j 2/ii 2/2 and 1 respectively in equations 
(|E1.10.2|) and (|E1.10.3|) . one sees the six relations (R3.1-R3.6). If B is a right 
double extension, then B is a free left A-module with a basis {2/"^2/2^}ni,n2>o- 
Thus (R3.1-R3.6) hold and assertion (b) follows. 

If six relations (R3.1-R3.6) holds, then two ways of resolving 2/22/1 into two 
elements in ^^^^ Ayl^yl^^ are the same. Thus the six relations (R3.1-R3.6) hold 
if and only if the right-hand sides of (|E1.10.2p and (|E1.10.3P are the same. Assertion 
(c) follows. 

(d) Straightforward. □ 

Proposition 1.11. Suppose {P, cr, (5, r} he DE-data such that a : A ^ M2{A) is 
a homomorphism and 6 : A ^ A®'^ is a a-derivation and that P — {pi2,Pii} o-nd 



(El. 10.2) 



Tr = (pi22/i2/2 +P112/1 + Tiyi + T22/2 + Ta)r 



(El. 10.3) 



2/2(2/1^) =[cr2l(CTll(?')) +PllCr22(cril(r-))]2/? 
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T — {ti,T2,tq}. Assume (R3) holds for all r E X where X is a set of generators 
of A. Let C be the algebra generated by A and yi,y2 subject to the relations (Rl) 
and (R2) for generators r G X. Then C is a right double extension of A. As a 
consequence, C is a left free A-module with basis | '^i,'^2 ^ 0}. 

Remark 1.12. Assume that the relations (R3) hold for a set of generators of A. 
As a consequence of Proposition 11.111 one can form a right double extension C 
and hence (R3) holds for all r E A. This fact is not easy to verify by a direct 
computation. 

Proof of Provosition \l.ll\ Let X := {xi\i^o be a set of generators of A where O is 
the index set of consisting the first |A|-ordinal numbers. We write A = k{X) /Ia for 
some ideal Ia of the free algebra k{X). Further we assume that elements in XU {1} 
are linearly independent. We fix a semigroup total ordering < on the monomial 
set {X) generated by X as follows. Let H — Xi^ ■ ■ ■ Xi^ and G — Xj^ ■ ■ ■ Xj^ be two 
monomials. We write H < G ii either m < n or m = n and there is an s < n such 
that is < js and it = it for all t > s. In particular, we have 

1 < < a;2 < • ■ • . 

Since O is well-ordered, < satisfies the descending chain condition. 

By Bergman's diamond lemma jBe| Section 1], there is a reduction system S 
associated to Ia, which is a set of relations {/n}, such that all ambiguity between 
/„'s can be resolved. Each relation /„ is of the form 

where the leading term is a monomial and -ff„ is a fc-linear combination of 
monomials of lower order and not appeared as the leading term of other relations 
in the reduction system S. Let Basis a be the set of monomials that do not contain 

as a submonomial for all fn € S (in |Be| BasisA is denoted by k{X)irr)- By 
[Be| Theorem 1.2], Basis a is a fc- linear basis of A. 

Now we define a total ordering < on the set of monomials (X U { y i , ?/2 } } generated 
by the set of generators X U {2/1,1/2} of C. Let / = FmVi^Fm-iyi^^i ■ ■ ■ Fiyi^Fo 
and J — G„yj^Gn-iyj„_i ■ ■ ■ Giyj-^Go be two monomials where Fg and Gt are 
monomials in (X) for all s and t. We write / < J if either 

(a) m < n, or 

(b) m — n and there is an s such that Ft — Gt and y^^ ~ yj^ for all t < s and 

Vis < Vjs : or 

(c) m = n and there is an s such that Ft-i = Gt-i and yi^ — yj^ for all t < s 
and Fs^i < Gs-i- 

This defines a total ordering on the monomial set {X U {yi, y2}) which extends the 
ordering on (X); and this ordering is preserved by the semigroup multiplication 
and satisfies the descending chain condition. Let T be the reduction system of 
k(X U {yi,y2}) consisting S, (Rl) and (R2)(X) where (R2)(X) denotes the set of 
relations of form (R2) for all r in the generating set X. By definition, every element 
in T is a relation of the algebra C when identifying C = k{X U {yi,y2})/Ic- By 
Lemma [EUc), (R2) holds for all r G A if and only if (R2)(X) holds. We claim 
that all ambiguities of T are resolvable in the sense of |Bej . All ambiguities of 5* 
are resolvable by the choice of S. So we only need to consider ambiguities of the 
relations in T which involving yi. First we consider an ambiguity involving (R2)(X) 
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and S. Namely, we pick a relation from (R2)(X), say 

for i being either 1 or 2 and for some j; and pick another relation from S*, say 

F = G 

where F = Xjf and where G is a linear combination of monomials lower than F. 
We want to show the following: two different ways of reducing yiF (starting from 
{yiXj)f or from yi{xjf)) have the same result. We need to use the fact a is an 
algebra homomorphism and induction on the order of F. Again let F — Xjf. Since 
the degree of / is less than the degree of F, by induction on the degree of F, there 
is a unique way of expressing y^/ that is 

Vsf = <ysi{f)yi + crs2{f)y2 + <^so{f)- 

So the first way of reducing yiF is 

{yiXj)f = {crii{xj)yi + ai2{xj)y2 + Oio{xj))f 

2 2 

= ^(Jis{xj){^ask{f)yk) 

s=0 fc=0 
2 

= X! '^isiX])crsk{f)yk 
k,s=a 

2 

= '^(Jzk{xjf)yk 

k=0 
2 

= '^(J^k{F)yk. 

k=0 

The second way of reducing yiF is 

2 

yiF = yiG = crii{G)yi + (7t2{G)y2 + aia(G) = '^(Tik{F)yk 

k=0 

where the first equality follows from F — G where G is a linear combination of 
lower monomials than F and where the last equality holds because a{F) = ct(G) in 
A. So we proved our claim. In particular, the ambiguity of yiXjf can be resolved. 
There is another kind of ambiguities we need to resolve, namely, y2yiXj for all j. 
By hypothesis, (R3)(X) holds where (R3)(X) denotes the set of relations of the 
form (R3.1-6) when applying to r in the generating set X. By Lemma ll.lOf c). 
these ambiguities can be resolved. So we have proved that all ambiguities between 
elements in T can be resolved. 

Let Basisc be the set of monomials that do not contain any submonomial that is 
a leading term of elements in T. By Bergman's diamond lemma |Bel Theorem 1.2], 
Basisc is a fc-linear basis of G. The main assertion in Proposition II. Ill follows if 
the following claim holds: Basisc is equal to the set B' = IJ^ BasisA-yi^y2^ ■ 
We show this in the next paragraph. 

Recall that T consists of (Rl), (R2)(X) and S where S* is a reduction system 
of A. Let / G Basis A, namely, / does not contain any submonomial that is a 
leading term of the elements in S. Since the leading terms of (Rl) and (R2)(X) are 
2/22/1 and yiXj, /y"^y2^ does not contain any submonomial that is a leading term 
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of the elements in T. This shows that B' is a subset of Basisc- Conversely, let 
F — FmUi^Fm-i ■ ■ ■ Fiiji^ be a monomial that does not contain any submonomial 
that is a leading term of T where Fi G {X). Since F does not contain yiXj (see the 
relation (R2)(X)), aU Fi = 1 for aU i < m. Thus F = F^^yl^y^' ■ • • y'/yl". Since F 
does not contain y2yi (see the relation (Rl)), F = F„iyly2- Finally F,„ e BasisA- 
Therefore the claim is proved. □ 

In some cases a right double extension is automatically a left double extension. 
Here is an example. 

Proposition 1.13. Let A be a connected graded algebra and B = Ap[yi, y2', cr, S, t] 
be a connected graded right double extension. Suppose that pi2 ^ and a is invert- 
ible. Then B is a double extension. 

Proof. Since a is invertible with inverse cj), we have (jE1.9.1|) 

iii(r) 0i2(r)\ Ai(r) 



for some S'l and S'2. (|E1.9.ip implies that Ayi + Ay2 C yiA + y2A + A. Hence 
Definition ll.Sr biv) holds. 

Since pi2 ^ 0, (Rl) is equivalent to 

(El. 13.1) yiy2 = Pi2y2yi + {~Pi2Pii)yf + yir'i + y2T2 + Tq 

for some {t{,T2,Tq}. Hence Definition ll.3f bii) (namely, jLlJ) holds. Definition 
ll.Sr bi) is automatic. 

It remains to show Definition 1 1 . Sf biii) . namely, i? is a right free ^-module with a 
basis {y2^2/i^}ni,n2>o- Since S is a right double extension, it is a free left ^-module 
with a basis {y"^y2^}rii,n2>o- Hence the Hilbert series of B is equal to the Hilbert 
series of Ai^ k[yi,y2], or 

(El. 13.2) HB(t)^HA(t)- r ^ r. 

By using (|E1.9.ip and (|E1.13.ip we have B = J^n^.n; yTyT^. Since the Hilbert 
series of B is equal to the Hilbert series of ^2] <8i ^, i? is a free right A-module 
with basis {1/2' yD"!, "2 >o- □ 

We hope that Proposition ll.131 holds for general non-graded double extensions, 
but this has not been proven yet. 

Finally we like to remark that the condition pi2 ^ is natural if we study 
noetherian algebras. 

Proposition 1.14. Let B — Ap[yi,y2]cy^5,T] be a connected graded right double 
extension such that either degyi = degy2 > or a{A>i) C M2{A>i). 

(a) B/{A>i) is isomorphic to fc(yi, ?;2)/(2/22/i -^122/1^2 -piij/i). 

(b) If B is left or right noetherian, then pi2 ^ 0. 

Proof If degyi = degy2 > 0, then by (R2) a{A>i) C M2(A>i). For the rest of 
the proof we assume that a{A>i) C M2{A>i). 

(a) By definition, B = 0,^^ n2>o^yi^y2^ ^ ^^'^^ A-module. Let / be 
the left A-module ^ >o^>iyi^y2^: which is equal to the right ideal A>iB. 
Then B/I is isomorphic to 0„^ n2>o ^2/1^^2^ graded vector space. We claim 
that / is a two-sided ideal of B. Clearly AI C I. By (R2) and the hypothesis of 
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cr(yl>i) C M2{A>i), yiA>i C A>iyi + A>iy2 + A>i. Since B is generated by A 
and 2/1, j/2, I is a left and hence two-sided ideal of B. Further / is the two-sided 
ideal of B generated by A>i. The factor ring B/I is generated by yi and y2 subject 
to one relation ?/22/i = Pi2yiy2 +Pii2/?- 

(b) If pi2 = 0, then B/I is isomorphic to fc(?/i, y2)/((2/2 - Piiyi)yi) which is 
neither left nor right noetherian. This yields a contradiction because B is left or 
right noetherian. Therefore pi2 7^ 0. □ 

The condition pi2 7^ is also related to the Artin-Schelter regularity, see |ZZ[ 
Section 2] . We will further discuss some homological properties of double extensions 
in Section [31 



In this section we study an invariant of ct, called the determinant of a, which is 
somewhat related to the determinant of the quantum 2x2 matrix. The property 
of the determinant of a will be used to prove the regularity of double extensions in 
the next section. 



is any kind of determinant of this "matrix" a. Suppose B = Ap[yi,y2', S,t] is a 
right double extension. We define the P- determinant of a or just determinant of a 
to be the map 



for all r e A. This is a fc-linear map from A to itself. In the classical case of 
P = (1, 0), we can write 



However, since f o g =/= g o f generally in Endfc(yl), when P = (p, 0), 

det cr 7^ (722 o 0-11 - pcr2i o ai2 , det a ^ an o 022 - V^^'^\2 o o'2i . 
See Proposition mn^c) for an example. 

Proposition 2.1. Let Ap[yi,y2](J,d,T] be a right double extension. 

(a) deter is an algebra endomorphism of A. 

(b) // a is invertible, then det a is invertible. 

(c) Suppose pi2 ^ 0. If det a is invertible, then a has a right inverse. If further 
B is a connected graded right double extension, then a is invertible and B 
is a double extension. 

Proof. First of all we may assume that (5 = and t — since the assertions are 
not related to 6 and r. Secondly, by Remark ll.4r b). we may further assume that P 
is either (0,0), or (p, 0), or (1, 1) (which is in fact not essential). It turns out that 
the the proof is easiest when P — (0,0) and that the proof is most tedious when 



2. Determinant of a 




deter : r -piiO-i2(crii(r)) + (722 (crn (r)) - J3i20-12 (0-21 (j')) 



det a = (T22 o (Til — f 12 o (T21 . 



If P12 7^ 0, then by (R3.2) we obtain that 

det (7 = -p^^Pll'^ll ° C^12 - Pr2^f^21 O Cri2 -I- (Til O (T22 , 

which implies that, if P = (1, 0), 

det cr = (Til O 0-22 - (T21 O (T12. 
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P = (1,1). So we only give all details in the intermediate case when P = {p, 0) and 
p 0- In this case relations (R3.1), (R3.2) and (R3.3) become 

(E2.1.1) cr21 o fll = pern o Cr21 

(E2.1.2) CT21 O (Ti2 = -^0-22 O 0-11 + pCTn o a-22 +P^cri2 ° 0-21 

(E2.1.3) (T22 O 0"i2 = pcri2 O 0-22. 

(a) The following computation uses (E2.1.1)-(E2.1.3). 
det a{r ■ a) = [crii(T22 ~ P^^cr2icri2]ira) 

= 0'li[(T2i(r)o-i2(a) + Cr22(7-)cr22(a)] 

-p"V2i[o-ii(r)o-i2(a) + cri2(r)cr22(a)] 
= o-iicr2i{r)(7ii(Ti2{a) + a u a 21 (r) a 21 (J 12 (a) 

+ a-ii(T22{r)criicr22{a) + cri2CT22(r)cr2io-22(a) 

- P^^cr2i(Tu{r)aiiai2{a) - V22crii(r)cr2ia'i2(a) 

- P^^cr2icri2ir)aiia22{a) - P^^<722<yi2{r)a2i<722{a) 
= (Ti2a-2i{r)<72ia-i2{a) 

+ (yii<J22{r)<7iia22{a) 

- P^^cr22<yii{r)(T2io-i2{a) 

-p-V2i(7i2(r)(7ii(722(a) by (E2.1.1) and (E2.1.3) 

= 0-iicr22(r)CTiicr22(a) - P"^o-2lcri2(r)CTiicr22(a) 

+ cri20-2i(?')a'2io-i2(a) -p"^cr220-ii(?')a'2io-i2(a) 
= 0-llcr22(»')a'llcr22(a) - P"^cr2lcri2(r)a-ii(T22(a) 

+ P~^cr2i(Ti2{r)a2i<yi2{a) - Viia-22(r)fT2iO'i2(a) by (E2.1.2) 
= [a'iia-22(?') -p"V2iCTi2(r)][(Tiia-22(a) - P"^cr2i(Ti2(a)] 
= detcr(r) detcr(a). 

(b) Let (p be the inverse of a as in the Definition II. 81 For this part we also need 
the relations (R3) for cj), which are listed below. (These can be obtained by going 
through the work in Section 1 for left double extensions). 

(E2.1.4) '/'ii o (/>i2 = P(/>i2 o 011 

(E2.1.5) (f>21 O 4>12 — ~P<Pll O 022 +P022 O 011 +P^012 O 021 

(E2.1.6) 021 O 022 = P022 O 012. 

The determinant of is 

det 4)= 4)11 O (t>22 - P012 O 021 = 022 ° 011 ^ ^"^21 ° 012- 

We claim that 

det o det a — det o det a — IdA- 

We only prove that det a o det = IdA and the proof of det o det a = IdA is 
similar. 
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det a det 4> = (c220'ii — po'12'^21) det 4> = o'22Cii dot — p<Ti2<J2i det 4> 



= 0-22 0-11 ((/ill (/'22 -P01202l) ^ PCri20-21 (022011 ^21012) 
= Cr22 0-1 101 1022 " PCr22Crii0i2021 



- PCri2O-21022011 + Cri2Cr21021012 
= 0-22 - Cr2i02l]022 + PCT22O-21022 021 

pcri2crii0i20ii + ai2[IdA - crii0ii]0i2 by Definition 1.8 

= O'22022 - ^220-21021022 + 0220-21021022 

012011011012 + O12012 - oi2Oii0ii0i2 by (E2.1.4) and (E2.1.6) 

= O22022 + O12012 

= Id A. by Definition 1.8 



The assertion follo-ws. 
(c) Let d = det o and let 



011 012 \ _ / 022 o ^ -po2i o d 

021 022 / ^ \-p"^Oi2 O (Tiiocf- 




It is straightfor-ward to prove that a • cj) = Id2x2 where • is defined in Definition 
11.81 Hence is a right inverse of o. 

We now assume that _B is a connected graded right double extension. By the 
relation (Rl), yiA + + ^ C Ayi + Ay2 + A. Since is a right inverse of o we 
also obtain (|E1.9.ip : 



for all r <E A. This implies that Ayi + Ay2 + A <Z yiA + y2A + A and hence 
Ayi+ Ay2 + A = yiA + y2A + A. Since B is aright double extension, Ayi+Ay2 + A 
is a left free ^-module with basis {l,yi,?/2}- In particular the Hilbert series of 
Ayi+Ay2 + Ais equal to {l + t'^''^y^ +t'^''sy2^HA{t). Therefore the Hilbert series of 
yiA + y2A + A is also (1 + t'^'^syi + t'^'=ey2-^HA{t). This implies that yiA + 2/2^ + A 
is a right free A-module with basis {l,yi,y2}- By Lemma ll.9| a is invertible. 
By Proposition ll.l3l i? is a double extension. □ 

Next we prove that the determinant det o has a homological interpretation. If 
M is a [B, A)-bimodule and / is an automorphism of A, then the twisted bimodule 
^Mf = Mf is defined to be M as /c-space with bimodule action 



for all m G M, 6 e B, a G A. Similarly for an (A, i?)-bimodule iV, twisted {A. B)- 
bimodule ^ N can be defined. 

For M ® M there is another right A-module structure defined by using a as 
follows: 



for all s,t G M and r ^ A. Since a is an algebra homomorphism, * defines a right 
^-module structure commuting with the left _B-module structure. This (B.A)- 
bimodule is denoted by (M ® . 




b ■ m ■ a — hmf{a) 
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Theorem 2.2. Let B be a trimmed double extension Ap[yi,y2]<j\. 
(a) There is an exact sequence of {B, A)-modules 

(E2.2.1) ^ B'^"' " ^ {B®BY ^ B ^ A^O 

where the last term A is identified with B/{yi,y2). 

(b) 

{dct cr A o — 9 
i^2 

(c) If B is a connected graded double extension, then the graded versions of (a) 
and (b) hold. 

Proof, (a) It follows from Definition II. Bf aiLaiii) that we have an exact sequence of 
left B-modules 

(E2.2.2) O^B^B®B^B^A^Q 

where / maps (a, b) to (a, 6) ( = ayi+by2 and g maps c to (c(pii?/i-y2), cpi2j/i). 

\y2j 

Since B contains A, B has a natural right A-module structure and e is a (B,A)- 
bimodule map. Let * be the right A-module on {B(BBY defined before the theorem. 
Then 

(a, b)*r ^ (ao-ii(r) + ba2i{r), aai2{r) + ba22{r)). 
Since a is an algebra homomorphism, * defines a right A-module structure. Since 

/((a, 6) * r) = /((a, b)a{r)) = {a, b)a{r) (^^j) = {a, b) (^^'^ r = /(a, b)r, 

/ is a right A- module map. Let * be the right A-module on iJ^cto-^ namely, 

c-kr — cdetCT(r) 

for all c £ B and r E A. Since deter is invertible fProposition I2.1f b)) and since 
^dcto- y[ as right ^-module, we see that iJ^cto- isomorphic to a free right A- 
module ^^>q 2/"^2/2 ^ A. Next we verify that g is a right A-module map. For 
c E B and r e A, 

g{c) *r = {cijpiiyi - y2),cpi2yi) * r 

= (c(pii2/i -y2)crii(r) + cpi2yia2i{r),c{piiyi - y2)cri2{r) + cpi2yicr22{r)) ■ 

We need to change this expression by moving Uij (r) form the right-hand side of ys 
to the left-hand side of yt. Since 5 is a left i?-module map, we may further assume 
that c is 1. The first component is now 

ipiiVi - y2)crii{r) + Pi2yi(^2i{r) 

= Pii(Tiicrii(r)yi + Piicri2CTii (r)y2 

- cr2ia'ii(?')j/i - cr22crii{r)y2 

+ Pi2criia-2i{r)yi + Pi2cri2cr2i(r)j/2 

= (Piio'iicrii(r) ~a-2iaii{r) + Pi2crii(T2i{r))yi - (det a)ir)y2 

= Pii(o'220-ii - piicri2crii(r) -pi2cri2cr2i(»'))2/i - {deta){r)y2 

by (R3.1) 

= (deta)(pii2/i - 2/2)- 
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The second component is now 
{PiiVi - 2/2)^12 (r) + Pi2yicr22{r) 

= Pii(Jiiai2ir)yi + Pucr 12(7 i2{r)y 2 

- 0'2iO-i2(r)yi - cr22CTl2(7')y2 

+ Pl2(Jll(y22{r)Vl + Pl2(7l2U22{r)y2 

= (piio-iiO'i2(r') -0-210-12(7') +pi20-iicr22(7'))yi by (R3.3) 

= {Pi2Pu'^ii'^i'ii.'r) - Pi2'^2icri2{r) + (Tiicr22{r))pi2yi 
= {deta){r)pi2yi. 

Thus 

g(c) *r = (c(det o-)(r) (piiyi - y2), c(det cr)(r)pi22/i) = g{c{det(j)(r)) ^ g{c-kr). 

Hence g is a {B, yl)-biniodule map and we have an exact sequence of (_B, A)- 
bimodules (|E2.2.ip . 

(b) To compute Ext^(A, i?), we apply the functor (— )^ := HomB(— ,£?) to the 
truncated sequence of (jE2.2.ip and obtain a complex of {A, i3)-modules 

^ '^''^'^ B " {B ® B) B ^ 0. 

Since _B is a left double extension of A, the above complex is exact except for the 
homology at <^°*-<^B position. Hence Ext%{A, B) ^ for aU i ^ 2 and 

Ext|(A,B) = 'i^'^BAmCg^) ^ ys) - A. 

(c) This is clear since all maps can be chosen to be graded. □ 

3. Regularity of double extensions 

In this section we recall the definition of Artin-Schelter regularity and prove 
Theorem 1021 

The right derived functor of Horns (—,—) is denoted by RHonis and the left 
derived functor of (g)_B is denoted by In particular, 

i/'(RHomB(M, N)) = Ext%{M, N) 

where is the ith cohomology of a complex, and 

H-\M N) = Torf (Af, N). 

When B is graded, we also take these functors and derived functors in the graded 
module category. Let X be a complex. Then X[d] means the dth complex shift 
and X{d) means dth degree shift where the degree shift comes from the grading of 
B. 

A connected graded algebra B = k®Bi®B2(B- ■ ■ is called Artin-Schelter regular 
or regular for short if the following three conditions hold. 
(ASl) B has finite global dimension d, and 
(AS2) B is Gorenstein, namely, there is an integer I such that, 

if i ~ d 



Ext'B{Bk,B) = 



iii^d 



where k is the trivial i3-module B / B>i; and the same condition holds for 
the right trivial i?-module ks- 
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(AS3) B has finite Gelfand-Kirillov dimension, i.e., there is a positive number c 
such that dim Bn < erf for aU n e N. 

If B is regular, then the global dimension of B is called the dimension of B. 
Condition (AS2) means that RHomB(fc,B) = k(l)[d\. 

If B is regular, then by [SZl 3.1.1], the trivial left -B-module sfc has a minimal 
free resolution of the form 

(E3.0.1) O^Pd^---Pi^Po^fcB^O 

where = j^^s) for some finite integers and iw,s- The Gorenstein 

condition (AS2) implies that the above free resolution is symmetric in the sense 
that the dual complex of (jE3.0.1|) is a free resolution of the trivial right S-module 
(after a degree shift). As a consequence, we have Po ~ B, Pd = B{—1), = n^-w, 
and iu,,s + id-w,n^-s+i = I for all w, s. 

For simplicity we only consider graded algebras generated in degree 1. Regular 
algebras of dimension 3 were classified by Artin, Schelter, Tate and Van den Bergh 
|AS[ lATVli rATV2j . If i? is a regular algebra of dimension 3, then it is generated 
by either two or three elements. If _B is a noetherian regular algebra of global 
dimension 4, then B is generated by either 2, or 3 or 4 elements |LPWZ|, Proposition 
1.4]. Possible forms of the minimal free resolutions of the trivial module k are 
listed in [LPWZl Proposition 1.4]. In this paper we only consider regular algebras 
B generated by 4 elements of degree 1. Some discussions about the connection 
between the regularity of a right double extension and the invertibility of a and pi2 
are given in [ZZ|, Section 2]. 

Consider a sequence of graded algebra homomorphisms (sometimes called an 
"exact sequence" of algebras) 

1 ^ A ^ B ^ C 1 

so that 

(i) A is a subring of B, and 

(ii) C = B/BA>i, where BA>i = A>iB is an ideal of B. 

This exact sequence will help us to prove some homological properties of B using 
the properties of A and C. By Proposition 11.141 a double extension gives rise to 
such an exact sequence (where C = k{yi,y2)/ (1/22/1 - P122/12/2 - Piivl))- 

For a trimmed double extension we can switch the position of A and C . To avoid 
the confusion we use different letters. Here is the setup. Let D C B are connected 
graded rings satisfying the following conditions: 

(E3.0.2) 

(a) B is free (or equivalently flat in this case) over D on the left and on the 
right. 

(b) D>iB ~ BD>i, hence it is a two-sided ideal of B. Let C be the graded 
factor ring B/D>iB 

(c) The trivial D-module ^k has a free resolution P*: 

> p-' ^ p-'+^ > P" ^ fc ^ 

such that each is a finitely generated free D-module. 
Condition (E3.0.2)(a) holds when P is a double extension oi D = A. However, D 
could be different from A in general. 
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Lemma 3.1. Assume (E3.0.2). Let k denote the trivial module over D (or over 
B, or over C ). 

(a) B ®^ k ^ C as complex of graded B-modules. 

(b) If M is a hounded complex of graded D-module with finite projective dimen- 
sion, then RHomz)(fc, M) = RHomD(fc, D) (g)^ M. 

(c) miomD{k,B) = RRomD{k,D)(g)D B. 

(d) RHomB(C, fc) = RHom£i(fc, /c) as a complex of graded k-modules. As a 
consequence, pdim^ C — gldiniD. 

(e) Suppose the algebra D satisfies (AS2) with RHoin£)(fc, 13) = fc(^_D)[(i_D] /or 
some integers Id, do G Then RHomB(C, i?) = C{lD)[dD\ o-s complexes 
of right B-modules. 

Proof, (a) Since Bd is free, B (^'^ k ^ B (gio k ^ B/BD>i = C. 

(b) We replace M by a bounded complex of projective D-modules, still denoted 
by M. Let P* — > fc ^ be a free resolution of ufc such that each is finite. 
Then we have 

RHomD(fc,M) = HoniD(P*,M) = RomoiP^D) ®d M 
where the last = follows by the fact each P~^ is finite. We continue the computation 
liomD{P*,D) (g)D M ^ RHom£,(fc,£)) ®z? M = RHoniz5(fc,D) (g)^ M. 

(c) Note that dB is free, so the assertion is a consequence of (b). 

(d) We use part (a) and the Horn-® adjunction 

RHomB(C, sfc) = RHoms(B fc, fc) 

= RHom£,(fc,RHonii3(B,/i;)) = RHomD(/c,fc). 

(e) We use part (a) and the Hom-® adjunction 

RHomB(C,P) ^ RRoiRB {B(^'^k,B) 

= RHomz5(fc,RHomi3(B,B)) = RHomD{k,B). 
Next we use part (c) and the Gorenstein property (AS2) 

RHomD(fc,P) = RUomD{k,D) ®dB^ k{lD)[dD] ®dB^ C{lD)[dD]- 

□ 

By Lemma lOT e). RHomB(C, B) = C(^£))[c?d] as complexes of right P-modules. 
But we don't know at this point whether this is an isomorphism of complexes of 
left B-modulcs. 

Proposition 3.2. Assume (E3.0.2). In parts (b,c) further assume that 
(E3.2.1) RHomB(C,P) C{lD)[dD] 

as left C -module. 

(a) gldim B < gldim D + gldim C. 

(b) // D and C satisfy (AS2), then so does B. Further, Id + Ic — o,nd 
dD + dc = ds. 

(c) // D and C satisfy (AS1,2), then so does B. In this case gldimi? = 
gldim D + gldim C. 
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Proof, (a) To prove the inequality we may assume that both gldimD and gldimC 
are finite. By (jE3.0.2p (c). Ext^(fc,A:) is finite dimensional. 

Let X be a complex of graded C-module such that H*{X) is finite dimensional 
over k, then by induction on the A:- vector space dimension of H*{X), we have that 
Extc(fc,X) = for n > gldimC + siipX. When X = RHom£,(fc,A:) (with the 
C-module structure given by Lemma TS.ir d)). then Extp(fc, RHomD(fc. fc)) — for 
all n > gldimC + gldimD because supRHomD(fc, k) = gldimZ?. 

Viewing C as a (B, C)-bimodule. We have ^fc = C®^ck. By Hom-® adjunction 
we have 

RHoms(fc, k) ^ RHomB(C 0^ ck, k) ^ RHomc(fc, RHomB(C, k)). 
By Lemma l3. If c). we have 

RHomc(fc,RHomB(C,/c)) ^ RHomc(fc, RHom£,(fc, /fc)). 

Therefore 

Ext^(fc, k) ^ Ext;^(fc, RHomi5(fc, k)) = 

for all n > gldimC + gldimZ?. This shows the inequality. 

(b) We use Hom-® adjunction again 

RHoms(fc,S) ^RHoms(C®^'^,B) RHomc(fc, RHomB(C, S)). 
By hypothesis, RHomB(C, S) = C(Zd)M_d] as a left C-module. Hence 

BRomc{k,miouYB{C,B)) '^miouYc{k,C){lD)[dD]'^ k{lD + lc)[dD + dc]. 

The assertion follows. 

(c) This is a consequence of (a) and (b). □ 

Theorem 3.3. Let A he an Artin-Schelter regular algebra and let B he a connected 
graded trimmed double extension Ap[yi,y2'T<j\. Then B is Artin-Schelter regular 
and gidim B = gldim A + 2. 

Proof. Let C ^ A, which is Artin-Schelter regular by hypothesis. Let D be the 
subalgebra kp[yi,y2]. It's easy to see (jE3.0.2l) (b.c). Now we check (|E3.0.2l) (a'). 
By symmetry, we only work on the right D-module B. Since B is non- negatively 
graded, the projectivity of Bo is equivalent to the condition Torf (B, k) — for all 
i 7^ 0, which follows from the exactness of (jE2.2.2|l . 

By Theorem ESIb), (jE3.2.1j) holds. By Proposition [32] B satisfies (AS1,2) and 
gldim S = gldim A + 2. By (|E1.13.2|) GKdimB = GKdim A + 2. Therefore B is 
Artin-Schelter regular. □ 

To prove Theorem 10.21 we need to pass the Artin-Schelter regularity from the 
trimmed double extension Ap[yi,y2', cr] to Ap[yi,y2',<T,S,T]. Note that we don't 
know if A and B are noetherian in this setting. 

Let Ap[yi,y2',(y,S,T] be a graded (or ungraded) double extension of A with 
di — degyi and c?2 = degy2 (or degj/i — degy2 — 0). Define a new grading 
deg' yi — di + 1 and deg' 3/2 = ^2 + 1 and deg' x — degx for all x & A. Using this 
grading we can define a filtration of B by 

FmB = {^flni, 7122/^2/2'^ £ B I deg'a„i,„2 +nideg'yi -I- deg' 2/2 < m}. 

Lemma 3.4. Let B he a graded (right) double extension Ap[yi,y2', cr, S,t] of A. 
(a) {FmB I m G Z} is a non-negative filtration such that the associated graded 
ring grpB is isomorphic to Ap[yi,y2; a]. 
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(b) Let RpB be the Rees ring associated to this filtration. Then there is a central 
element t of degree 1 such that RpB /{t) ~ Ap[yi, y2', <j] as graded rings and 
RpB /(t — 1) = Ap[yi, 1/2', <y, (5, r] as ungraded rings. 

(c) If B is connected graded, then so are gTpB and RpB. 

Proof, (a) Clearly FmB is a non-negative filtration such that B — IJ^ FmB. Since 
every element in B is of the form J2ni m '^"1,^2 2/"^ 2/2^ ; S^p ^ is generated by A and 
yi,V2- The relation (Rl) becomes 



in gr^ B and (R2) becomes 



^22/1 ^ Pi2yiV2 + Piivl 



y']r = a{r){y^ 

V2 \V2 



in gvp B which implies Definition 1 1 .Sr aiv) . To prove gr^ _B is a graded right double 
extension it suffices to show Definition 1 1 . Sf aiii) . Since gr^ B is graded we only need 
to show a graded version of Definition ll.3f aiii). Say, '^^^ ani,n2yi ^^2^ = in 
gTpB for some homogeneous elements a„j_„2 G A. Then 

Eni 712 \ ^ 7 ni 712 

flni,n2 2/l 2/2 ~ / , Oni,n2 2/l 2/2 

ni,n2 ni,"2 

with deg' ,«2 ^"1 ^"2 2/"' ) < deg' (Eni ,n2 ,"2 Vi' vT ) • But this is impossible 
unless a„^,„2 = bm.n^ = for all ni,n2. Thus we proved Definition ll.Sr aiii) for 
gr^ B and hence gr^ i? is a right double extension. 

If B is a double extension, gr^ B is also a double extension of A. The assertion 
follows. 

(b,c) Clear. □ 

If Ap[yi,y2',(j\ is noetherian, then it is well-known that the Artin-Schelter reg- 
ularity passes from grpB — Ap[yi,y2; a-] to B := Ap[yi,y2',(T,6,T\. However we 
don't know if Ap[yi, y2', cr] is always noetherian when A is. So for the rest of section 
we generalize some arguments in the noetherian case to the non-noethcrian case. 

Lemma 3.5. Let B be a connected graded ring with a central non- zero- divisor 
t of positive degree. If B/{t) is Artin-Schelter regular, then so is B. Further 
gldimS = gldimB/(i) + 1. 

As a consequence, if gip B := Ap[yi, y2', cr] is Artin-Schelter regular, so is RpB. 

Proof. First of aU GKdimB = GKdimB/(t) + 1< oo. To prove (AS1,AS2) we set 
D = k[t]. Since < is a central non-zcro-divisor, (|E3.0.2p holds. By Rees' lemma, 
(jE3.2.ip holds. The assertion follows from Proposition 13.21 □ 

Next we want to show that if gr^^ B (or RpB) is Artin-Schelter regular and if B 
is connected graded, then B is Artin-Schelter regular. 

Theorem 3.6. Let B be a connected graded algebra with a filtration such that gTp B 
is a connected graded Artin-Schelter algebra. Then B is Artin-Schelter regular and 
gldimS = gldimgr^ B. 

As a consequence if Ap[yi, y2', c] is Artin-Schelter regular, then so is a connected 
graded double extension Ap[yi,y2', o, (5, r]. 
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Proof. Let t be the central non-zero-divisor 1 e FiB C RpB. Then we have 
RFB/{t) = grpB. Since gipB is Artin-Schelter regular, by Lemma [3.51 the Rees 
ring RpB is Artin-Schelter regular. Since the localization RpB[t~^] is isomorphic 
to B[t^-^], we have 

(E3.6.1) gldimB = gr . gldimB[t=^^] < gldim RpBlt^^] < gldim RpB < oo. 

Thus (ASl) holds for B. If < is a central non-zero-divisor in any algebra A, 
GKdim.4 = GKdimA[i-i] by ^El 8.2.13]. Hence, by 8.2.7(iii)], 

GKdimS + 1 = GKdim B[t^^] = GKdim RpB[t-^] ^ GKdim RpB < oo. 

Thus (AS3) holds for B. It remains to show (AS2) for B. 

Let M be a left S-module of fc-dimension d < oo. (For example, M is the 
trivial i?- module B/B>i). Let N denote the graded vector space ©„>oM, namely, 
Nn = M for n > and iV„ = for n < 0. We define a left graded S-module 
structure as follows: for x ^ AI — iV„ and a € F^B, a*x = axGM = {N)n+m- 
Then we have an exact sequence of graded left RpB-modvdes 

(E3.6.2) N{-1) ^ N k®"^ ^0. 

Since RpB is Artin-Schelter regular, its trivial module k has a finite free resolution 
(jE3.0.1|l . This implies that each Torf^''^ {k, k) is finite dimensional for every i. We 
now consider the Tor group Torf^-^(/c,iV). Since t is central, there is a i-action 
on Torf'"^(fc,7V) which is induced by the map in (|E3.6.2[) . Since kt = Q = tk, 
tToif''^{k,N) = 0. Applying Tor^^-^(A:, -) to the short sequence (|E3.6.2p . we 
have a long exact sequence 

. Torf^^(fc,7V(-l)) Torf^^(fc,7V) -> Torf'^-^(fc,/c®'') ^ •■• 

where the zero map is induced by the multiplication by t. Hence Tor^^^(A:, N) is a 
subspace of Torf^'^^(fc, /c®'^) which is finite dimensional over k. Hence the left RpB- 
module N has a finite graded free resolution. We compute Ext]i^g{N, RpB) by 
using a finite graded free resolution of N, then each Ext]^^^{N, RpB) is bounded 
below. Applying ExtR^si-, RpB) to (|E3.6.2p we obtain a long exact sequence 

• • ■ ^ Ext^^B(fc®^ RpB) ^ Ext^^s(^, RfB) ^ Ext),^s{N{^l),RpB) 

-^Ext%'s{k<^^,RpB)^--- . 
where fi is induced by the multiplication by t. li i ^ gldim — 1, then 
Ext'+J:g{k®'^,RpB) = 0. The map = since Ext]^^g{N, RpB) is bounded 
below. When i — gidim RpB — 1 := p, then we have 

Ex^j^^giN, RpB) ^ Ext^^s(7V(-l), RpB) ^ fc®'*(0 ^ 0. 

Hence fp is injective and Ext^^^(A^, RpB) has the Hilbert series equal to — 
t)~^. This implies that the localization Ext^j^^g{N, RpB)[t~'^] = Xl^^^] for some 
d-dimensional left B- module X. 

Since N has a finite free resolution (hence pseudo-coherent in the sense of |YZ| ). 
by |YZ1 Lemma 2.2(a)], we have, for every j, 

Ext^^siN,RFB)[t-'] - Ext^^siN,RpB[t~']), 

and by [YZl Lemma 2.2(b)] 

Ext^^g{N,RpB[t-']) - Ext^^g^^_,^iN[t-%RpB[t-']). 
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Since N[t-^] = M[t^*] and grmod RpBlt-^] = mod B, we have 

Combining the resuhs we proved in the last paragraph, we have 

Ext^^(M.i?)[i±i] = ^ .^gldimi?^S-l^ 

Hence 

E.t^iM,B) = l' ^^gldimi?.5-l 
^ [X i = gldim RpB -1 

If wc take M to be the trivial module k = B/ B> i , this is (AS2) for B and gldim B > 

gldimi?j.B- 1. " 

To complete (AS2) we need to check that gldimB = gldim By (|E3.6.1|) . 
gldim _B < gldim i?i;^_B = r. Consider the minimal graded free resolution of the 
trivial i3- module k, 

^ P-'' p-''+i -> > P-^ ^ B ^ k^O. 

The proof of [SZl Proposition 3.1(a)] shows that if Ext^ik, B) = Q then P''' = 0. 
Thus gldim i? = r — 1 as desired. 

The consequence follows from the fact that gr Ap[yi,y2;a,6,T] — Ap[yi,y2; a]. 

□ 



Now we are ready to prove Theorem 



Proof of Theorem \O.SX Let A be an Artin-Schelter regular algebra and let B = 
j4p[t/i, j/2; CT, 5, r] be a connected graded double extension of A. Let C be the 
trimmed double extension Ap[yi^y2\(j\. By Theorem 13.31 C is Artin-Schelter reg- 
ular and gldim C = gldim ^ + 2. By Theorem 13.61 B is Artin-Schelter regular and 
gldim S = gldim C. □ 

4. Examples and questions 

The first example is fairly easy. 

Example 4.1. Let A = k[x\. There are so many different right double extensions of 
A. It is possible to classify all connected graded double extensions Ap\yi,y2] (5, t] 
with degx = degj/i = degy2 — 1, but it makes no sense to list all since these 
algebras are all well-known regular algebra of global dimension 3 studied by Artin 
and Schelter [AS| . We only give a few examples to indicate that the DE-data can 
be different kinds. 

The relations (Rl) and (R2) can be written as 

2/22/1 = P122/12/2 + V\\v\ + axyx -f hxy2 + cx^ , 

yix = dxyi -f exy2 + fx^, 

y2X = gxyi + hxy2 + ix^ ■ 

The relations (R3) are equivalent to the fact that the overlap between the above 
three relations can be resolved. Since pi2 7^ 0, we may choose P to be (p, 0) or 
(1, 1). The invertibility of a is equivalent to the condition dh — ge ^ 0. The details 
of (R3) are omitted here. Here are a few examples which we only list the defining 
relations of B. Recall that B is generated by x,yi,y2- 
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Algebra := B^{p, a, b, c), where a,b,c,p £ k and p 7^ 0, 6 ^ 0, 1. 

yix = bxyi, 

y2X = b~^xy2 + C3? . 

fbx \ 

The homomorphism a is determined by a{x) = ( q ft-ixj' ^ '^^^ ~ 

CT21 = and CTii and 0-22 are algebra automorphisms. The derivation is determined 
by d{x) = ^^^2^ • The parameter P is {p, 0) and the tail r is { l)a;, 0, ax'^}. 

We can use the linear transformation 2/2^2/2 + 5111 2; to make c = 0. This means 

that B^{l,p,a,b, c) = B^{l,p,a,b,0). 

Algebra B"^ := -B^(o, b, c), where a,b,cG k and 6^0. 

2/22/1 = -ym + ax"^, 
yix = b~^xy2 + cx"^, 
y2X = bxyi + {—bc)x^. 

The homomorphism a is determined by a{x) = q ) • By induction, one 

/ 5~^a;"\ f x^ \ 

sees that cr(a;"') = I ^ 1 when n is odd and a{x^) = ( q j when n is 

even. In this case an and (722 are not algebra homomorphisms of A. The derivation 

/ cx^ \ 

is determined by S{x) = ( ^^_^2 )• The parameter P is (—1,0) and the tail r is 

{0, 0, ax"^}. It is easy to see that -B^(a, b, c) is isomorphic to B^{ab~^, 1, c). 

For most (a, 6, c) (for example for (a, 6, c) = (1,1,0)), the algebra B^{a,b,c) is 
not an Ore extension of any regular algebra of global dimension 2. One can prove 
this assertion by direct computations and the fact that x is normalizing. Therefore 
B'^{a, 6, c) is not an iterated Ore extension of k[x]. 
Algebra B^ := B^{a), where a G k and a 7^ 0. 

2/22/1 = 2/12/2, 
yix = axyi+xy2, 
y2X = axy2. 

(QX X \ 
„ I . This (7 is "upper- 

U (XX j 

triangular". The derivation is zero. The parameter P is (1,0) and the tail r is 

{0,0,0}. 

Algebra i?^ := -B"^(a, 6, c), where a,b,c£ k and b ^ —1. 

2 ^2 
2/22/1 = 2/1^2 + 2/1 + aa;2/i + :r— i-a;2/2 + cx , 

1 + 

2/1 a; = xyi + bx^ , 

y2X = (2 + 2b~^)xyi + xy2. 
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X 

The homomorphism cr is determined by cr(x) ~ ( ^2 + 26^^) ^ ' ^^'^ derivation 



bx 



is determined hy S{x) — q J • The parameter P is (1,1) and the tail r is 

One can see from these examples that the DE-data can be all different even 
starting with a very simple algebra A = fc[x]. 

Let B denote any of the algebras B\ The clement x is normalizing in B and 
B/{x) is a regular algebra of global dimension 2. These algebras are called normal 
extensions. Except for B^, these algebras are also iterated Ore extensions of k[x]. 
There are possible isomorphisms between these algebras and we refer to lASilATVTl 
IATV2] for the classification and general properties of Artin-Schelter regular algebras 
of global dimension 3. 

The second example seems new. It is Artin-Schelter regular of global dimension 
4. Many other algebras are given in |ZZ| . 

Example 4.2. Let h be any nonzero scalar in k. Let B{h) denote the graded 
algebra generated by xi,X2,yi,y2 and subject to the following conditions 
X2X1 = -X1X2 

y2yi = -yiy2 

yixi ^ h{xiyi + X2yi + xiy2 ) 

(E4.2.1) 

yiX2 = h[ +xiy2 ) 

y2Xi = h{ +X2yi ) 

y2X2 = h( -X2yi - Xiy2 + ^2^2)- 

If we use the notation in |ZZ| . the set of the last four relations is associated to the 
matrix 

/II 1 0\ 
10 
10 

yo -1 -1 1/ 

We will work out some properties of B{h). Clearly B{h) is a connected graded 
algebra where degxi — dega;2 = degyi = deg?/2 = 1- And it is quadratic. We 
will see that it is Koszul. If we define dega;i = dega;2 = (1,0) and degj/i — 
degj/2 = (0, 1), then B{h) is Z^-graded. The following lemma shows that B(h) is 
very symmetric between Xi's and y.^'s. 

Lemma 4.3. Let B(h) be defined as above. 

(a) B{h) has an automorphism determined by f{xi) — X2, f{x2) = —xi, 
f{yi) = y2 and f{y2) = -yi- 

(b) B(h) has an anti- automorphism determined by g{xi) = yi, g{x2) — y2, 
9{yi) = and g{y2) = X2. 

Proof. Easy. □ 

Next we show that B{h) is a graded double extension of A :— fc_i[xi,X2] = 
k{x\,X2) /{xiX2 +X2X1). First of all, P = (-1,0) and 5 = and r = (0,0,0). We 
only need to define algebra homomorphism a : A ^ M2{A). Since A is generated 
by xi and X2, we only need to assign cr(xi) and a{x2). 
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Lemma 4.4. Let a(xi) = h (^^ '^^'^ | a(x2) = h( ^ 

^ ' \ X2 J ^ ' \-X2 -Xi + X2 

Then a defines an algebra homomorphism A M2{A). And if we write a = 



fll <Ti2 
CT21 Cr22 



, then aij is not an algebra homomorphism for each pair {i,j). 



Proof. For the first assertion we need to sliow that a{xi)a{x2) + a{x2)cr{xi) = 0. 
h~'^{a{xi)a{x2) + a{x2)cT{xi)) 

Xi + X2 Xi\ f X\ \ , ( ^ X\ \ ( X\ ^ X2 X\ 



X2 J \-X2 -X1+X2J \—X2 —X1+X2J \ X2 

-X1X2 ^ \ _^ f 2^1^2 

X2X1J \ -X2X1 



= 0. 



So a is an algebra homomorphism A M2{A). For the second assertion we note 
that 



o-ii(a;i) ai2{xi)\ ^ ^ ( xi + X2 xi 



0-21 (a;i) CT22(a;i)y \ X2 



and 



/ aii{xl) ai2{xl)\ ^j^2 [ {xi + X2Y + X1X2 {xi + X2)xi 

\U2\{x\) (T22{x\)) \ X2{xi+X2) X2X1 ^ 

Therefore (yij{x\) ^ aij{xi)^ for each pair («, j). □ 

Restricted to the generators we 

(xi\ (aii{xi)\ (I l\ (xi 

\X2j \'yi2{X2)j \l OJ \X2 

fxA f<J2l{xi)\ ,fO 1 \ fxi 
''''[x2)'-=Wix2))=\0 -l)[x2 

a22M:=hf^^^=h(' 

\X2j \(T22{X2)J V V^2 

Lemma 4.5. The date {P,(j,S,t} satisfies (R3) for the generating set {xi,X2}- 

As a consequence, the algebra B{h) is a right double extension of A. 

Proof. Since 5 = and r = (0,0,0), only the first three relations in (R3) are 
non-trivial, namely, 

1721 ° cm = — fll O 0-21 
C21 ° 0'12 — CT22 O (711 = "fH O cr22 + Cri2 O (J21 
022 ° 0'12 = — (712 ° 1722 

We claim that these three relations are satisfied by the generating set {a;i, 2:2}. For 
the first one, we have 



DOUBLE ORE EXTENSIONS 



29 



and 



Hence 



-CTil O (T21 



(721 O CTll 



= -(Til O 0'21 



Similarly, for the third one, one has 



(T22 O 1712 



= = — (T12 o (T22 



For the second relation, a computation shows that 



and 



Therefore 



((T21 O (7i2 - (722 O tTii) 
( — (111 O (722 +(712° (72l) 



Xi 

Xi 
X2 



Xl 

Xl 
X2 



((721 O (7l2 — (722 O Cn) 



= (-(711 O 0-22 + (712 O a'2l) 



Up to this point we have verified (R3) for the generators. The last four relations 
given in (|E4.2.ip are (R2) for the generator. By Lemma a is an algebra homo- 
morphism and (5 = is trivially a cr-derivation. Therefore by Proposition 1 1 . 1 ll B 
is a right double extension. □ 

Proposition 4.6. (a) The determinant of a is equal to 

det (7 = (7ii 0(722 + (721 °fl2 = f22 ° <^11 + fl2 °f21 

which is determined by det (7(2:1) — h^X2 and det (7(2:2) = —K^xi. 

(b) -B(/i) is a connected graded double extension of k-i[xi,X2]- 

(c) det (7 7^ CT22 o CTii + (721 o (712 (in(f det cr 7^ cru o (722 + (7i2 o (721 - 

Proof, (a) Since P = (—1,0), the determinant of a is as defined. 



deter 



((7ii O (722 + 1721 O 1712) 













1 1 

/l2 



1 1 









Hence deter is invertible. By Proposition 12. iT b) . a is invertible. 

(b) By part (a) a is invertible. Since pi2 = — 1 7^ and since i? is a connected 
graded right double extension, by Proposition 1 1 . 13l i? is a double extension. 

(c) This follows by the following computation. 



((722 O CTii + (721 O 1712) 



( 



h h 











h 

Xl 
X2 
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and 

'xA ^ f 0\fhh\ fO h \ (h 0\ (xi 

,X2 \-h h [o [o -h \h or[x2 



( 













((Til O 1722 + 1712 O 1721^ 



So neither of (722 ocu +(T21 ocri2 nor cth ocr22 + ci2 0cr2i is an algebra homomorphism 
of A, neither is equal to det a. □ 

Corollary 4.7. Let B = B{h) be defined as in Example \4-2\ 

(a) B is strongly noetherian and has enough normal elements. 

(b) B is Koszul, Artin-Schelter regular of global dimension 4; generated by 4 
elements of degree 1. 

(c) B is an Auslander regular and Cohen- Macaulay domain. 

(d) The quotient division ring of B is generated by two elements. 

Proof, (a) We claim that xix^ and x\ + x\ are normal elements of B. Since xi 
and X2 are skew-commutative, a::ia;2 is skew- commuting with a^i and X2. Similarly, 
x\ + X2 are commuting with xi and X2 ■ So we only need to check that these are 
(skew-)commuting with j/i,2/2- Use the relations in (|E4.2.1|) . we have 

yi{xiX2) = yi{-X2Xi) = -hxiy2Xi = -h'^xiX2yi = {xiX2)(~h'^yi) 

and 

y2{xiX2) = hx2yiX2 = h^X2Xiy2 = ~h^xiX2y2 = {xiX2){~h'^y2)- 
Therefore xiX2 is normal. By using the third and fourth relations in (jE4.2.ip . we 
have 

(E4.7.1) yi(a:i -a;2) = /i(a:i +2:2)2/1 

which implies that 

Vl{xi - X2f = [xi + X2Y{h^yi). 

Similarly, we have 

?/2(xi +a:;2) = /i(-a;i -l-X2)2/2, and y2{xi + X2)'^ ^ {xi - X2f{h'^y2)- 

Since {xi — 2:2)^ = (a^i +2^2)^ ^ x\-\- x\., it is a normal element of B. By symmetry 
2/i?/2 and yl+y2 are normal elements too. The factor ring B/{xiX2, x\-\-x\, yiy2, yi + 
y|) is a finite dimensional algebra. Every finite dimensional algebra is strongly 
(and universally) noetherian. By [ASZ|, Section 4], S is strongly (and universally) 
noetherian. Also B has enough normal elements in the sense of [Zh, p. 392]. 

(b) First of all B is generated by xi,X2,yi,y2 of degree 1. By Proposition l4.6f b). 
-B is a connected graded double extension of an Artin-Schelter regular algebra A of 
global dimension 2. By Theorem[3?3l B is Artin-Schelter regular of 4. By (IE1.13.2|) 
the Hilbert series of B is equal to (1 — t)^^. It follows from ^Sm^ Theorem 5.11] 
that B is Koszul. 

(c) This follows from part (b) and |Zhl Theorem 1]. 

(d) We claim that the quotient division ring Q of _B is generated by yi and 
xi — X2. Let D be the division subalgebra of Q generated by yi and xi — X2. It 
follows from (jE4.7.ip that xi + X2 £ D. Hence both xi and a;2 are in D. The 
fourth quadratic relation of B (see Example 14. 2|) implies that 1/2 G D. Therefore 
D = Q. □ 
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Corollary 4.8. Let B = B{h). The following are equivalent: 

(i) B IS PI. 

(ii) h is a root of unity. 

(iii) det a is of finite order. 

Proof, (ii) <;4> (iii) Follows from Proposition I4.6r a') . 

(i) <S4> (ii) Suppose h is a root of unity, say Ith root of unity. Then by the 
computation in the proof of Corollarv l4.7r a). {xiX2)'^'- , (x^+Xj)', (yij/2)^' and (^1 + 
7/2)' are central elements of B. The factor ring B / {{xiX2)'^'' , (x^+Xj)', (1/12/2)^', (2/1 + 
^2)') is finite dimensional over k. Hence B is PI. 

If h is not a root of unity, then B contains a subalgebra generated by yi and 
{X1X2) with a relation yi{xiX2) = —h?{xiX2)yi, which is not PI. So B is not PI. □ 

There are many examples of regular algebras of dimension 4. If ^4 is a regular 
algebra of dimension 3, then any Ore extension A[y; a, S\ (with invertible a) is a 
regular algebra of dimension 4. Ore extensions such as A[y] a, S\ are well-studied. 
A connected graded algebra A is called a normal extension of a regular algebra 
fo dimension 3, if there is a normalizing non-zero-divisor x of degree 1 such that 
A/{x) is regular. Normal extension of regular algebras of dimension 3 are regular 
of dimension 4 and studied by Le Bruyn, Smith and Van den Bergh [LSV| . So we 
assume that normal extensions are well- understood. Next we show that B{h) is 
neither an Ore extension nor a normal extension. 

Lemma 4.9. The algebra B{h) has no normal element in degree 1. As a con- 
sequence, B(h) is not a normal extension of an Artin-Schelter regular algebra of 
global dimension 3. 

Proof. Let z — axi + bx2 + cyi + dj/2 be a nonzero normal element of B := B{h). 
Applying Lemma 14.31 we may assume that a 7^ 0, so after a scalar change we may 
assume that z — xi+ bx2 + cyi + dy2 . Since z is not in the ideal generated by yi and 
2/2, z remains nonzero and normal in B/(yi,y2). Since B/(yi,y2) ^ k^i[xi, X2], it 
is easy to see that xi + bx2 is normal if and only if 6 = 0. Thus z = xi + cyi + dj/2- 
Also it is easy to check that xi in not normal in B. This implies that cyi + dy2 7^ 0. 
Since xi + cyi + dy2 is normal, 

xi{xi + cyi + dy2) = {xi + cyi + dy2){exi -|- fx2 + gyi + hy2). 

Since xixi — xixi in B /{yi,y2), e — I and / = 0. Modulo xi,X2, we have 

= {cyi + dy2){gyi + ^2) 

which implies that gyi + hy2 = because cyi + dy2 is not zero in the domain 
B/{xi,X2). Thus 

xi{xi + cyi + dy2) = {xi + cyi + dy2)xi 

= xl + ch{xiyi + X2yi + •112/2) + dhx2yi 

which implies that 

c — ch, ch + dh = 0,d ~ ch. 



So c — d — 0, a, contradiction. Therefore B has no normal element in degree 1. 
The consequence is clear. □ 
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Lemma 4.10. The algebra B{h) does not contain a graded subalgebra that has 
Hilbert series (1 — t)^'^ ■ As a consequence, B(h) is not an Ore extension of an 
Artin-Schelter regular algebra generated by three elements in degree 1. 

Proof. Let A be the subalgebra generated by 2:1,^2,2:3 G By Lemma lL3l we 
may assume 2/2 is not in the subspace kzi + kz2 + kz^. This means that, up to 
a hnear transformation, zi — xi + ay2, Z2 — X2 + &J/2,23 = J/i + cy2- We order 
xi < X2 < yi < y2 and use lexgraphic order for monomials of higher degrees. Let 
us compute some elements in the degree two part of A as follows. 

zl^ x\+ axiy2 + ay2Xi + a^j/| ^ xf + axiy2 + ax2yi + a^y| 
Z1Z2 — X1X2 + bxiy2 + ay2X2 + aby2 — X1X2 + higher terms 

^2 — ^2 ^ higher terms 
Z1Z3 — Xiyi + higher terms 
Z2Z3 — X2yi + higher terms 

Z3Z1 = (i/i + cy2)xi + higher terms = hxiyi + hxiy2 + higher terms 

^3 = (yi + cy2)^ = + higher terms 

Hence these 7 elements are linearly independent and hence HA{t) 7^ (1 — t)^^. 
The consequence is clear. □ 

Combining the above statements we have Proposition 10.51 

Proof of Proposition 10.51 Part (a) is Proposition I4.6f b) . Parts (b) and (e) are 
proved in Corollary 14.71 Part (c) follows from Lemmas 14.91 and 14.101 Finally part 
(d) is Corollary mi □ 

This is the end of Example 14.21 

There are many basic questions about double extensions and here are some 
obvious ones. Some of which might be really easy, but haven't been solved at the 
time when this paper was written. 

Question 4.11. Let i? be a double extension of A. 

(a) If A is a domain, is then R a domain? 

(b) If A is prime (or scmiprime), is then R prime (or semiprime)? 

Question 4.12. Let R he a. double extension of A. If A is (right) noetherian, is 
then R (right) noetherian? 

If R is an Artin-Schelter regular algebra of global dimension dimension 4, then 
Question 14.121 has an afhrmative answer by the classification in ZZj . 

Question 4.13. Let i? be a double extension of A. Does the Auslander (respec- 
tively, Cohen-Macaulay) property pass from A to R7 

Question 4.14. Let i? be a double extension of A. If A has finite (right) KruU 
dimension, does then R have finite (right) Krull dimension? 
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